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We propose an experiment to demonstrate a novel blockade mechanism caused by long-range
anisotropic interactions in an ultracold dipolar gas composed of the recently observed “butterfly”
Rydberg molecules. At the blockade radius, the strong intermolecular interaction between two ad-
jacent molecules shifts their molecular states out of resonance with the photoassociation laser, pre-
venting their simultaneous excitation. When the molecules are prepared in a quasi-one-dimensional
(Q1D) trap, the interaction’s strength can be tuned via a weak external field. The molecular density
thus depends strongly on the angle between the trap axis and the field. The available Rydberg and
internal molecular states provide a wide range of tunability.
I. INTRODUCTION
Ultracold dipolar gases provide an ideal environment
for the study of novel ultracold chemical reactions or
quantum chaos in non-linear dynamical systems [1–5],
the design of robust quantum information protocols [6–
8], and investigations of universality in few- and many-
body physics [9–20]. These promising applications hinge
on the premise that regimes exist where the dipole-
dipole interaction (DDI) is the dominant force in the sys-
tem. Recent experiments have partially achieved this in
three different systems: ultracold polar molecules [21–
24], ultracold lanthanide atoms with large magnetic mo-
ments [4, 5, 25–28], and Rydberg atoms in external fields
[29–31]. These are challenging experiments: large exter-
nal fields (∼ 104V/cm) are required to align polar dimers
[32], and their production in their rovibrational and hy-
perfine ground state is a titanic experimental effort [21].
On the other hand, the small atomic magnetic moments
require the reduction of the atom-atom interaction using
Feschbach resonances [33, 34]. The properties of polar
dimers and magnetic atoms are rarely tunable. Rydberg
atoms suffer from comparatively short lifetimes, and only
interact through the purely isotropic van der Waals inter-
action unless dipole moments are induced via an external
field [35] or a Fo¨rster resonance [36]. These techniques
require detailed knowledge of the Stark-induced avoided
crossings and delicate control of applied electric fields.
The recent observation of ultra-long-range “butterfly”
Rydberg molecules [37] suggests a unique hybrid sys-
tem combining the promising properties of these sys-
tems. The properties of these homonuclear molecules
are readily tunable over a large range of values, and
they possess gigantic permanent electric dipole moments
(PEDMs). This is due to their unique bonding mech-
anism: the Rydberg electron repeatedly scatters off a
nearby perturbing atom, creating a novel chemical bond
between these two atoms. These molecules therefore
possess the exaggerated characteristics of Rydberg sys-
tems and the internal structure and polar attributes of
molecules, without many of the experimental challenges
present in these other systems. This article explores the
dipolar physics of butterfly molecules in a Q1D array of
molecules aligned by a weak (< 1V/cm) external elec-
tric field applied at an angle θ relative to the longitu-
dinal trap axis. Intermolecular forces prevent the res-
onant excitation of two molecules within the butterfly
blockade radius Rb(θ), where the anisotropic intermolec-
ular potential, V (Rb, θ), exceeds the laser bandwidth, Γ
( ∼ 0.5 MHz). Rb(θ) can be tuned by the applied field:
at the “magic angle” satisfying P2(cos θM ) = 0 (PL is the
Legendre polynomial of order L) the DDI vanishes and
higher-order terms in the molecular interaction, namely
the quadrupole-quadrupole/dipole-octupole and van der
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FIG. 1. a) The proposed single-photon photoassociation
scheme. The target bound state is selected by the laser fre-
quency. b) The electronic probability density ρ|Ψ(ρ, z)|2 in
cylindrical coordinates. The two atoms (sphere) and electric
dipole (arrow) are shown. c) The experiment: aligned pendu-
lar butterfly molecules in a Q1D cloud. The blockade radius
prevents simultaneous excitation of two close molecules.
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2Waals, dominate. Thus, the molecular density reveals
these interactions via its dependence on θ. The high
tunability and exaggerated scales of this proposal has
implications in studies of the polaron problem, angulon
interactions, tunable interactions, and crystalline phases.
The organization of this article follows the hierarchy
of energy scales in this system. First, in section II the
properties of butterfly molecules, which are bound by
several GHz and have electronic/vibrational spacings of
a few GHz are discussed. Next, the pendular states are
calculated within the rigid-rotor approximation; their en-
ergy splittings are a few tens of MHz. Section III details
the perturbative calculation of the intermolecular inter-
actions; their maximum strength for our considerations
is restricted by Γ (∼ 500kHz). Once this interaction is
calculated the density of molecules is readily obtained as
a function of θ, and these results are given in section IV.
II. PENDULAR STATES OF LONG-RANGE
BUTTERFLY MOLECULES
Butterfly molecules consist of a Rydberg atom bound
to a ground state atom [38]. The electron-atom scatter-
ing process is described using contact pseudopotentials
proportional to − tan δL/k(2L+1), where δL is the elastic
phase shift for partial wave L and k is the electron’s mo-
mentum [39, 40]. The contributions from partial waves
L > 0 typically vanish at ultracold temperatures. How-
ever, the presence of a P -wave shape resonance causes
tan δ1 to diverge, resulting in a potential curve descend-
ing from the n atomic line to below the (n + 2)p Ry-
dberg level, which is red-shifted by its quantum defect
µp ≈ 2.65 [41]. Level repulsion from the n − 1 hydro-
genic manifold constrains the divergence [41–43]. The
potential curve oscillates as a function of the internuclear
distance R′ and molecules form in the potential wells mir-
roring the p-wave wave function [37]; the relatively high
p-character found in the butterfly wave function allows
for photoassociation in a dense condensate through a sin-
gle photon process. Neglecting spin, the pseudopotentials
are
Vpp(~R
′, ~r) = 2piaSδ(~r − ~R′) + 6piaP ~∇ · δ(~r − ~R′)~∇. (1)
Eq. 1 generalizes to include spin-dependent scattering
parameters [44]. The full Hamiltonian H = H0 +HSO +
Vpp+HHF includes the Rydberg electron’s Hamiltonian,
H0, the Rydberg spin-orbit interaction HSO, and the
hyperfine splitting of the ground state atom, HHF [44–
46]. Diagonalization of H reveals binding energies, bond
lengths, and multipole moments [44]. A typical potential
curve and vibrational states are plotted in Fig. 1a. The
electronic state associated with this potential is shown in
Fig. 1b and consists of a mixture of Rydberg states that
maximizes the radial derivative of the wave function at
~r = ~R′. Fig. 2 displays various molecular parameters of
the ground state as a function of n. The reduced multi-
pole moment of molecule X averaged over the vibrational
molecular wave function is q(LX) = Q
LX
0 /n
2LX . Greater
tunability is possible if different molecular states are ex-
cited; the dipole moment varies over a factor of ∼ 3 for
different vibrational states.
In the absence of external fields, polar molecules ro-
tate freely with random orientations. Application of a
field shifts the molecular energy through the dipole-field
coupling −~d · ~F , where ~F is the electric field and ~d is the
molecular PEDM. Setting the quantization axis parallel
to the electric field, the molecular Hamiltonian is Hmol =
BeNˆ
2 − dF cos θ, with rotational constant Be and rota-
tional angular momentum operator Nˆ [47]. When the di-
mensionless parameter ω = dFBe is large (ω ∼ 102−103 for
field strengths ∼ 1 V/cm, four orders of magnitude lower
than needed for typical heteronuclear molecules [21, 37]),
the rotational states become trapped in a nearly har-
monic potential and are called pendular states in analogy
with the harmonic oscillator [48, 49]. These states are
found by diagonalizing Hmol in the basis of spherical har-
monics YNMN (θ, φ); in the large ω limit two-dimensional
harmonic oscillator eigenfunctions are excellent approxi-
mations (red points in Fig. 3a are calculated using this
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FIG. 2. Properties of the deepest pendular state as a function
of n: a) multipole moments, labeled d = Q10/n
2, q = Q20/n
4,
and o = Q30/n
6; b) bond lengths; c) binding energies; d)
Relevant van der Waals coefficients at F = 1V/cm. ( Eq. 2).
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FIG. 3. (a) Stark spectrum of the n = 24 pendular states,
showing the energy shift ∆ as a function of the applied elec-
tric field for MN = 0. The red points correspond to the
two-dimensional harmonic oscillator approximation. (b) Ori-
entation (x = 1) (orange) and alignment (x = 2) (blue) of the
lowest pendular state [orange line in (a)].
approximation; the appendix describes this approxima-
tion in further detail). The pendular states |N˜MN 〉 are
characterized by their librational state, N˜ , and the good
quantum number MN . The ground state, |00〉, is the
most aligned pendular state. Fig. 3a shows the result-
ing Stark spectrum for the n = 24 case. Fig. 3b shows
〈cos θ〉 and 〈cos2 θ〉.
III. CALCULATION OF THE
INTERMOLECULAR INTERACTION
Fig. 1c depicts a sketch of the geometry of our pro-
posal. The electric field points in the lab frame’s z axis;
a strongly confining potential in the x and y dimension
creates a Q1D chain of Rb atoms in the z′ direction [50],
where cos θ = zˆ · zˆ′. The laser is tuned to excite the
|00〉 pendular butterfly state, although greater parame-
ter ranges can be explored via the internal structure as-
sociated with other rotational states. Two molecules are
separated by a distance R that depends on the atomic
density and the long-range intermolecular interaction.
The intermolecular interaction, given by the two-center
multipolar expansion of the Coulomb force [51? –56], is
valid for R > 2(
√〈r2A〉 +√〈r2B〉) [57], which is satisfied
for all distances studied here. It is calculated to order
R−6, requiring second order perturbation theory. The
zeroth order wave functions are the pendular states ob-
tained by diagonalizing Hmol, whose energy spacings are
typically an order of magnitude smaller than the vibra-
tional or electronic spacings. We thus neglect contribu-
tions from other electronic or vibrational levels in the
second-order sum over intermediate states, which should
introduce errors in the 1/R6 potentials of 10% or less due
to the larger energy separations. The overall n-scaling of
the multipole moments factors out, along with an addi-
tional n3 for the second-order terms from their energy
denominators. This gives
V (R, θ) = (2)
− 2C3d
2n4
R3
P2(x)− 8n
8
R5
P4(x)
(
C5ado− C5bq2
)
− 24d
4n11
R6
(
Ca6i[P2(x)]
2 + Cb6i
(xy)2
4
)
− 4d
4n11
R6
(
Ca6d[P2(x)]
2 +
Cc6d
4
y4 + Cb6d
(xy)2
4
)
,
where x = cos θ, y = sin θ, and Cq > 0. We obtain
C3 ∼ 0.95, C5a ∼ 0.83, and C5b ∼ 0.63 for the first-order
coefficients, independent of n within 2% over the range
n = 20 − 40. The second-order coefficients vary slowly
with n as seen in Fig. 2d. The van der Waals terms have
been split into induction (C6i) and dispersion (C6d) terms
[56]. Several unexpected properties of these coefficients
emerge: the independence of the first-order coefficients
on n, the numerical relationship
Ca6i
2 =
Cc6d
9 = C
a
6d, and
the large relative size of Cb6i (∼ 1000 times larger than
the others). These properties are explained by consid-
eration of the relevant matrix elements, as described in
the appendix. Eq. 2 presents the first calculation of the
interaction between two Rydberg molecules, and reveals
the wide range of adjustable parameters and anisotropy
present here, in marked contrast to Rydberg atoms. This
stems from the molecular nature, since all of the co-
efficients and multipole moments depend on the inter-
nal structure and are not fixed properties of the atomic
species. The van der Waals coefficients depend also on
the field strength.
Fig. 4 displays the potential surface for n = 24 in two
different ways: in panel a three cuts of the potential sur-
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FIG. 4. (a) The interaction potential V (R, θ) for n = 24 is
plotted for three exemplary θ values. The pure dipole-dipole
attraction is shown as in the dashed red curves, showing the
importance of higher order terms near the magic angle. (b)
The same potential is shown in cartesian coordinates, where
blue(red) regions are attractive(repulsive). The inner white
region (outer white contour) is the blockade radius satisfying
|V (RB)| ≥ Γ, where Γ = 0.5(0.1)MHz. Lines of force are
overlayed. The length of a side of the figure is 2× 105 a.u.
4face at θ = 0o, θM,24, and 90
o are plotted, while panel b
displays a density plot of the potential. Lines of force are
superimposed, and the inner(outer) white contours rep-
resent the blockade radius for 0.5(0.1)MHz. At this scale
this potential is largely determined by the dipole-dipole
interaction, with higher order effects playing a dominant
role near θM,n. This is seen in panel a, where the red
dashed curves only include the DDI term, revealing that
near the magic angle the higher order terms cause a re-
pulsive barrier to form rather than the purely repulsive
potential expected from the DDI alone.
IV. RESULTS AND DISCUSSION
Fig. 5 displays the key result of this article: the pre-
dicted density of butterfly molecules for a laser band-
width Γ = 0.5MHz for several n values. The n-dependent
magic angle θM,n ranges from 56.7
o − 57.3o (0.99-1.0 ra-
dians) [58] and differs slightly from the DDI magic angle
θM = 54.7
o due to the higher-order n-dependent terms in
V (R, θ). Decreasing with n due to the stronger interac-
tions at higher n, the density is ∼ 4 times greater at θM,n
than at θ = 0 and corresponds to a maximum blockade
radius of ∼ 1µm. The inset highlights the region near the
θM,n to exaggerate the striking behavior here, in partic-
ular the discontinuity for θ barely greater than θM,n. At
this point the density drops discontinously. This stems
from the interplay between the attractive van der Waals
interactions and the DDI, as revealed in Fig. 4a. When
the latter interaction is repulsive, a potential barrier is
created for R greater than the inner crossing point where
V (R, θ) = −Γ. As the DDI increases relative to the van
der Waals terms this repulsive barrier increases until it
reaches +Γ, shifting the blockade radius suddenly.
The required atomic densities are large: a density of
2 × 1015cm−3 gives two butterfly molecules per block-
ade volume. More favorable conditions are granted at
higher Rydberg levels, where the interaction strengths
are greater and the formation probability is enhanced
due to the larger internuclear distance. A narrower band-
width laser extends the effective range of the intermolec-
ular interactions. Finally, an alternative setup could use
a Q1D optical lattice in a doubly-occupied Mott insu-
lator state [59]. Other experimental schemes involving
different classes of Rydberg molecules could also be stud-
ied: for example, the excitation of long-range “trilobite”
molecules through two-photon excitation of Cs2 [60, 61].
Bound by the s-wave scattering potential of Eq. 1, these
molecules have larger bond lengths and dipole moments,
allowing for more favorable density conditions. How-
ever, their lifetimes are shorter, and a two-photon pro-
cess is required to access the (n − 4)S character of the
trilobite admixture. Another scheme has been proposed
in Ca, where trilobite-like molecules can be excited via
two-photon excitation of the nD state due to level shifts
from doubly excited states [62]. Even low-l molecules ex-
hibit weakly polar behavior from their small admixture
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FIG. 5. Simulated density as a function of the angle between
the field and trap axes. As n increases from 20-40 the color
changes from blue to red. The inset shows the density dis-
continuity for θ > θMn .
of trilobite-sized dipole moments [63, 64].
The dipolar length, which characterizes the length
scale of the DDI, is add =
d2m
12pi0h¯2
(in SI units), where m
is the mass of the particles. For the butterfly molecules,
add ∼ 107−108a0 (0.05 - 0.5 cm), whereas for the typical
heteronuclear molecule KRb, add ∼ 1µm. This over-
whelming difference translates into huge dipolar interac-
tions relative to ultracold collision interactions, charac-
terized by the scattering length a [65]. This is character-
ized by the ratio εdd = add/a, which is ∼ 104 − 105 for
butterfly molecules and 20 for KRb. For magnetic atoms
such as Cr or Dy add ranges from 16 to 130 a0, giv-
ing εdd ∼ 1 depending on the value of a. Following the
work of Kalia and Vashishta [66], the present proposal
leads to a crystal phase for butterfly molecules for the
assumed ∼ µK temperature. Indeed, the predicted one-
dimensional array of molecules should resemble a linear
crystal structure due to the fact that butterfly molecules
are in the strongly interacting regime at ultracold tem-
peratures. Moreover, the Tomonaga Luttinger liquid pa-
rameter [11], given by K = ρadd in the strongly inter-
acting regime [67, 68], is ∼ 103 which clearly indicates
the absence of density fluctuations and the prevalence of
phase fluctuations.
Experimental realizations of polar Rydberg atoms are
achieved by slow ramping of an electric field to induce
a total adiabatic transition in an avoided crossing of the
Stark manifold; this varies with different values of the
electric field as well as for different atomic species. More-
over, these techniques generally involve a two-photon
transition. The present approach is applicable to all
atoms having an electron-neutral P -wave shape reso-
nance and requires only a single photon transition. Fur-
thermore, the dipole moment is an permanent property
of the Rydberg molecule, stemming from the nature of
the molecular bond itself, and depends on its vibrational
5degrees of freedom; the applied static electric field is only
used to align the existing dipole moments.
V. CONCLUSION
We have presented an effective method to control the
density of pendular butterfly molecules in a Q1D trap
as a means of exploring the dipole-dipole interactions
present in this system, and to explore the unique and
exaggerated properties of this scheme contrasted with
Rydberg atomic systems, polar molecules, or magnetic
atoms. Future effort could explore the consequences of
the inherently mixed nature of this system, consisting
of dipolar impurities immersed in a sea of bosons, and
thus could study polaron-polaron interactions in ultra-
cold gases. The tunability of the polaron interaction pro-
vides information about the role of the internal structure
of the impurities in the dynamics of the quasiparticles,
which would elucidate the validity of the Fro¨hlich Hamil-
tonian [69] in the weak interaction regime and the study
of the role of many-body correlations in the strong inter-
action regime, going beyond the single polaron physics
very recently observed in ultracold gases [70, 71]. The
newly developed theory of angulon and pendulon quasi-
particles could be generalized to include impurity interac-
tions, and could be realized in the present system [72, 73].
The generalization to two or three dimensional gases may
help study the quantum phase transition between the
superfluid and supersolid phases, or between supersolid
and crystal phases [11]. Future dynamical studies depend
sensitively on the relationship between the molecular life-
times and the relevant timescales for many-body physics.
The already brief molecular lifetimes of several tens of
microseconds may be reduced by interactions. However,
the decay mechanisms are also interesting and largely
unstudied. These decay mechanisms, such as Penning
ionization, can be investigated using the anistropic inter-
actions, since these can either be attractive, leading to
collapse, or repulsive due to a potentia barrier, stabiliz-
ing the condensate.
ACKNOWLEDGMENTS
This work is supported in part by the National Science
Foundation under Grant No. NSF PHY-1607180 and
Grant No. NSF PHY11-25915. M.T. Eiles and C.H.
Greene are happy to acknowledge helpful discussions with
G. Groenenboom.
Appendix A: Calculation of the interaction potential
using harmonic oscillator states
To calculate the potential surface V (R, θ), the pendu-
lar states of a single molecule in the presence of an electric
field are calculated, and then these states are used to cal-
culate the interaction potential perturbatively. An accu-
rate method for calculating pendular state eigenfunctions
expands the rigid rotor Hamiltonian, Hmol, into the ro-
tational basis of spherical harmonics YNMN (θ, φ), where
MN is a good quantum number since the quantization
axis is set parallel to the electric field. The pendular
states, ΨN˜MN (θ, φ) =
∑
N C
MN
N˜,N
YNMN (θ, φ), are charac-
terized by their librational state, N˜ . It proves convenient
to define W = E/Be and ω = dF/Be, ω  1. Diagonal-
ization of this matrix using values up to N = 25−30 gives
a converged spectrum for the first ∼ 10 excited states.
The intermolecular interaction takes the form [56]
Vˆ =
∑
LA,LB
q(LA)q(LB)
fnLA,LB
RL+1
∑
mA,mB ,m
(
LA LB L
mA mB m
)
×DLAmA0(θA, φA)∗DLBmB0(θB , φB)∗DLm0(θ, 0)∗, (A1)
where L = LA + LB and D
LX
mX0
(θX , φX)
∗ is a Wigner
D-Matrix rotating the multipole operator between the
lab and molecule frame. n is the principal quantum
number and q(L) is the Lth reduced multipole moment.
DLm0(θ, 0) describes the geometry of the trap axis relative
to the electric field axis, and
fnLA,LB = (−1)LAn2L
[
(2L+ 1)!
(2LA)!(2LB)!
]1/2
. (A2)
In first-order perturbation theory we include terms in Eq.
A1 up to L = 4, which includes quadrupole-quadrupole
and dipole-octupole terms. To second order, we keep only
the dipole-dipole (L = 2) term, since this contributes to
order 1/R6. We also neglect retardation effects, falling
off as 1/R7. The dipole-dipole term is thus proportional
to D = n8d4/R6. The dispersion and induction terms
are calculated separately, where the summation in the
induction term is just over the quantum numbers N˜ ′B
and M ′B of one molecule, while the dispersion term is
summed over the virtual states of both molecules.
Vind(R, θ) = D
∑ |〈N˜AMAN˜BMB |Vˆ |N˜AMAN˜ ′BM ′B〉|2
E0 − EN ′B ,M ′B
(A3)
Vdis(R, θ) = D
∑ |〈N˜AMAN˜BMB |Vˆ |N˜ ′AM ′AN˜ ′BM ′B〉|2
2E0 − EN ′B ,M ′B − EN ′A,M ′A
.
(A4)
E0 is the unperturbed energy of a single molecular state.
Greater insight into the character of these pendular
states is given by considering the limit ω → ∞, since
to lowest order in 1/ω the Schro¨dinger equation can be
written as a two-dimensional harmonic oscillator. Us-
ing the explicit form for Nˆ2 in spherical coordinates, the
Schro¨dinger equation is(
∂2
∂θ2
+ cot θ
∂
∂θ
+
1
sin2 θ
∂2
∂φ2
+ ω cos θ +W
)
Ψ(θ, φ) = 0.
6This equation maps onto the 2D Harmonic Oscillator by
setting ξ = 2α tan(θ/2), where α =
√
ω/2. A separable
solution in ξ and φ is then obtained, where Ψ(ξ, φ) =
U(ξ) 1√
2pi
eimφ, m = |M |. U(ξ) is then given by:
0 =
(
1 +
ξ2
4α
)2 [
d2
dξ2
+
1
ξ
d
dξ
− m
2
ξ2
]
U(ξ) (A5)
+
WU(ξ)
α
+
ω
α
4− ξ2/α
4 + ξ2/α
U(ξ).
Since in the pendular regime α 1, we discard all terms
of order 1/α to obtain the standard harmonic oscillator
Schroedinger equation[(
d2
dξ2
+
1
ξ
d
dξ
− m
2
ξ2
)
+ β − ξ2
]
U(ξ) = 0, (A6)
where α ·β = W +ω. The energies of the pendular states
are then given by
E = Be(
√
2ω(2N˜ + |M |+ 1)− ω), (A7)
and the pendular states are
ΨN˜,M (ξ) = (−1)M
√
2N˜ !
Γ(N˜ +M + 1)
e−
ξ2
2 ξMLM
N˜
(ξ2),
(A8)
where LMN (x) is a Laguerre polynomial. The accuracy
of the large ω approximation is demonstrated in Fig. 3.
Using eq. A1, the matrix element connecting different
two-molecule states is
〈N˜AMAN˜BMB |Vˆ |N˜ ′AM ′AN˜ ′BM ′B〉 (A9)
=
∑
LA,LB
q(LA)q(LB)(4pi)
3/2fnLA,LB
RL+1
√
(2L+ 1)(2LA + 1)(2LB + 1)
×
∑
mA,mB ,m
(
LA LB L
mA mB m
)
YL,m(θ, 0)
×KN˜ ′AM ′A
N˜AMA,LAMA
K
N˜ ′BM
′
B
N˜BMB ,LBMB
,
using K
N˜ ′AM
′
A
N˜AMA,LAMA
= 〈N˜AMA|YLA,mA(ξ, φ)|N˜ ′AM ′A〉.
The first-order shift for the ground state simplifies to
〈00, 00|Vˆ |00, 00〉 = −2d
2n4
R3
P2(x)
(
4pi
3
[
K0000,10
]2)
(A10)
− 8n
8
R5
P4(x)
(
4pi√
21
K0000,10K
00
00,30do−
3pi
5
[
K0000,20
]2)
.
These three matrix elements can be found analytically
in the harmonic oscillator approximation, and have rela-
tively simple asymptotic forms for ω  1:(
4pi
3
[
K0000,10
]2)→ 1 + 3
2ω
−
√
2
ω
(A11)
3pi
5
[
K0000,20
]2 → 3
8ω
(21− 6
√
2ω + 2ω) (A12)
4pi√
21
K0000,10K
00
00,30 → 1 +
14
ω
− 7√
2ω
. (A13)
These saturate for large ω, which is why the coefficients
C3, C5a, and C5b can be taken as constant over the range
of values studied here. For the second order dispersion
terms, at the level of truncation discussed above, are
Vd(R, θ) =
128pi3d4n8
3R6
∑
N˜A,N˜B
∑
|MA|≤1,|MB |≤1
(A14)
×
[(
1 1 2
−MA −MB MA +MB
)
KN˜AMA00,1−MAK
N˜BMB
00,1−MB
]2
2E0 − EN˜A,MA − EN˜B ,MB
,
where N˜A = MA = 0 and N˜B = MB = 0 terms are
excluded from the sum. Before evaluating this expression
to arbitrarily large N˜A, N˜B , we present the asymptotic
forms of the relevant matrix elements (a =
√
3
8pi ):
K0000,10 → a
(√
2− 1√
ω
)
(A15)
K1000,10 → a
(
−
√
2
ω
+
1√
ω
)
(A16)
K0100,1−1 → a
(
1
(2ω3)1/4
−
(
2
ω
)1/4)
(A17)
K1100,1−1 → a
(
1
(2ω)3/4
− 3
(2ω)5/4
)
(A18)
K2000,10 → a
(
1√
2ω
− 9
4ω3/2
)
(A19)
K2100,1−1 → a
√
3
2
(
1
23/4ω5/4
− 3
21/4ω7/4
)
. (A20)
These asymptotic forms suggest that the sum should
converge rapidly, as all terms with final state in the
N˜ = 2 level are suppressed by additional factors of or-
der 1/
√
ω. This is confirmed numerically; to better than
1% accuracy the sum can be truncated to include only
N˜A = N˜B = 1. After collecting into terms with the same
angular dependence, this gives the first-order potential
of Eq. 2, and gives explicit formulas for the coefficients:
Ca6d =
8pi2
9
( [
K0100,1−1
]4
2E0 − 2E0,1 +
2
[
K1000,10
]4
2E0 − 2E1,0 (A21)
+
2
[
K0100,1−1
]2 [
K1100,1−1
]2
2E0 − E0,1 − E1,1 +
[
K1100,1−1
]4
2E0 − 2E1,1
)
Cb6d = 32pi
2
([
K1000,10
]2 [
K0100,1−1
]2
2E0 − E0,1 − E1,0 +
[
K1000,10
]2 [
K1100,1−1
]2
2E0 − E1,0 − E1,1
)
(A22)
Cc6d = 8pi
2
( [
K0100,1−1
]4
2E0 − 2E0,1 +
2
[
K0100,1−1
]2 [
K1100,1−1
]2
2E0 − E0,1 − E1,1
+
[
K1100,1−1
]4
2E0 − 2E1,1
)
. (A23)
7In this large ω regime, the only term making Cc6d = 9C
a
6d
not an exact relationship is 2
[
K1000,10
]4
/(2E0 − 2E1,0)
in Ca6d. This term declines rapidly with increasing ω:
rigorously computing the ratio Cc6d/C
a
6d for ω  1 limit
shows the explicit ω dependence:
Cc6d/C
a
6d → 9 + 9
√
2/ω3 − 9/(2ω) (A24)
We now calculate the induction term,
Vi(R, θ) =
128pi3d4n8
3R6
∑
N˜B
∑
MB |≤1
(A25)
×
[(
1 1 2
0 −MB MB
)
K0000,10K
N˜BMB
00,1−MB
]2
E0 − EN˜B ,MB
,
including only terms with N˜B ≤ 1 for the same reasons
given above. Once again, after collecting terms with the
same angle-dependence Eqn. 2 is found and the coeffi-
cients are defined
Ca6i =
16pi2
9
[
K0000,10
]2 [
K1000,10
]2
E0 − E1,0 (A26)
Cb6i = 16pi
2
[
K0000,10
]2([K0100,1−1]2
E0 − E0,1 +
[
K1100,1−1
]2
E0 − E1,1
)
.
(A27)
Comparing Ca6i with C
a
6d, the ratio 16/8 = 2 is indicative
of the relationship Ca6i = 2C
a
6d, although it is not trans-
parent how the different terms within the parentheses are
equivalent. Once again, evaluating this ratio in the large
ω limit reveals:
Ca6i/C
a
6d = 2− 2
√
2/ω. (A28)
Finally, computing the ratios Cb6i/C, where C is any of
the other coefficients, in the large ω limit shows that all
of these ratios increase, at worst, as
√
ω, explaining the
large size of this coefficient compared to the rest.
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